Let M be a manifold homotopy equivalent to the complex projective space CP m . Petrie conjectured that M has standard total Pontrjagin class if M admits a non-trivial action by S 1 . We prove the conjecture for m < 12 under the assumption that the action extends to a nice P in(2)-action with fixed point. The proof involves equivariant index theory for Spin c -manifolds and Jacobi functions as well as classical results from the theory of transformation groups. 1
Introduction
Let M be a smooth closed manifold homotopy equivalent to the complex projective space CP m and let G be a compact Lie group which acts smoothly and non-trivially on CP m . We consider the problem to determine how close M and CP m are as differentiable manifolds if M also supports a non-trivial action by G. In this paper we give an answer to this problem if G is equal to P in (2) , the normalizer of a maximal torus in S 3 , and the dimension of M is less than 24 .
By simply-connected surgery theory one knows that for fixed m ≥ 3 the set of diffeomorphism classes of homotopy CP m 's is infinite and partitioned into finite subsets by their total Pontrjagin class. In view of this classification one may think of a homotopy complex projective space M as being close to CP m if the total Pontrjagin class of M is standard, i.e. if p(M) takes the standard form (1 + x 2 ) m+1 , where x is a generator of H 2 (M; Z). To be more specific on the problem above we ask the following strong (resp. weak) question: Is the total Pontrjagin class of a homotopy complex projective space M standard (resp. standard up to finite ambiguity), if M also supports a non-trivial action by G?
The strong question has been answered in special cases by Petrie, Hattori, Masuda and many others (cf. [9] for a survey). Some of their work is stated below. Here we point out that by a result of Petrie (cf. [21] ) the total Pontrjagin class of M is standard if M admits an effective action by the m-dimensional torus. The weak question has been considered for certain S 3 -actions in [8] . The questions above are motivated by the following conjecture of Petrie (cf. [20] ). Conjecture 1.1. Let M be a homotopy CP m . If M supports a non-trivial smooth S 1 -action then its total Pontrjagin class is standard.
Petrie's conjecture has been verified in several special cases (again cf. [9] for a survey). In particular, it holds for m ≤ 4 (cf. [5] , [16] ) or if the number of fixed point components of the S 1 -action is ≤ 4 (cf. [23] , [25] , [22] , [19] ). In contrast the conclusion of the conjecture is known to fail if the S 1 -action is only locally linear or if the group acting on M is finite of arbitrary size (cf. [10] , [9] ).
One may argue that the positive results towards Petrie's conjecture described above merely express the general principle that the presence of a symmetry group imposes strong restrictions on the topology if the dimension of the symmetry group is 'large' compared to the dimension of the manifold or if the orbit structure is 'simple'. Note however, that by a result of Hattori (cf. [12] ) the conclusion of Petrie's conjecture holds in any dimension if M admits an S 1 -equivariant stable almost complex structure with standard first Chern class. Hattori's argument is based on vanishing results for equivariant Spin c -Dirac operators derived from the Lefschetz fixed point formula in equivariant index theory (cf. [1] , [2] ).
In [7] generalizations of the rigidity theorems for elliptic genera (cf. [24] , [3] , [14] , [18] ) to Spin c -manifolds were given. These results led to a proof of Petrie's conjecture (cf. [6] ) in the special case that the first Pontrjagin class of M is standard and M carries a smooth P in(2)-action with fixed point which is cohomologically trivial and almost effective (i.e. the action has finite kernel). We shall call such an action nice with fixed point. Note that such actions exist on any CP m for m > 1. The main purpose of this paper is to show that in small dimensions the assumption on the first Pontrjagin class can be removed. This gives a partial answer to the strong question stated above. Theorem 1.2. Let M be a smooth closed homotopy CP m which supports a nice P in(2)-action with fixed point. If m < 12 then the total Pontrjagin class of M is standard.
To prove the theorem we first give a lower bound for the first Pontrjagin class of M (see Section 4) which we obtain by relating equivariant index theory to the theory of Jacobi functions (see Section 3). Then we combine results of [6] with the homotopy invariance of p 1 (M) mod 24 to complete the proof (see Section 5) .
Note that for m odd the P in(2)-action on M is trivial on cohomology if and only if P in(2) acts by orientation preserving diffeomorphisms. For m even the P in(2)-action has a fixed point if it acts trivially on cohomology (see Section 2). In particular, a non-trivial smooth S 3 -action on a homotopy CP 2N induces a nice P in(2)-action with fixed point by restricting the S 3 -action to the normalizer of a maximal torus. Hence, Theorem 1.2 implies Corollary 1.3. Let M be a smooth closed homotopy CP 2N which supports a non-trivial smooth S 3 -action. If 2N < 12 then the total Pontrjagin class of M is standard.
This paper is structured in the following way. In the next section we give some information on the weights of equivariant vector bundles with vanishing first Pontrjagin class. In Section 3 we define certain series of S 1 -equivariant twisted Spin c -Dirac operators and express their indices in terms of Jacobi functions. In Section 4 we establish a lower bound for the first Pontrjagin class of a cohomology CP m which admits a nice P in(2)-action with fixed point. In the final section we give the proof for a slightly more general version of Theorem 1.2.
Weights and the first Pontrjagin class
In this section we give some information on the weights of P in(2)-equivariant vector bundles with vanishing first Pontrjagin class. Let M be a 2m-dimensional smooth oriented closed manifold with smooth P in(2)-action. We assume that the P in(2)-action is trivial on integral cohomology. This property guaranties that the action lifts to complex line bundles over M. For the induced action of S 1 ⊂ P in(2) let Y denote a connected component of the fixed point manifold M S 1 . Letξ → M be a P in(2)-equivariant s-dimensional complex vector bundle. Since Y is a trivial S 1 -space the restriction ofξ to Y (viewed as an S 1 -equivariant vector bundle) splits as a finite sumξ |Y = k∈Zξ k ⊗ λ k . Herê ξ k is a complex vector bundle over Y which is trivial as an S 1 -space and λ denotes the standard complex one-dimensional representation of S 1 (to lighten the notation we suppress the dependence ofξ k on Y ). Let u 1 , . . . , u s denote the roots of kξ k defined using the splitting principle. Then the equivariant roots ofξ |Y are defined as u 1 + ω 1 · z, . . . , u s + ω s · z, where ω i is equal to k if u i is a root ofξ k and z is a formal variable. We call ω 1 , . . . , ω s the weights ofξ at Y . Note that the character of the complex S 1 -representation ξ |y , y ∈ Y , is equal to i λ ω i . Next assumeξ is the complexification of an oriented P in(2)-equivariant real 2t-dimensional vector bundle ξ. Thenξ is invariant under conjugation and the equivariant roots ofξ |Y occur in pairs (
. . , t, the equivariant roots and ±ω i the weights of ξ |Y . A spectral sequence argument for the Borel construction of ξ shows (cf. [6] , Prop. 3.7)
We apply the proposition in the case that M is a cohomology CP m , i.e. H * (M; Z) ∼ = H * (CP m ; Z), and p 1 (M) is equal to −n · x 2 , where x ∈ H 2 (M; Z) is a generator and n is a non-negative integer. Let ±(x i + m Y,i · z), i = 1, . . . , m, denote the equivariant roots of T M |Y . Consider the complex line bundle γ over M with c 1 (γ) = x. Since P in(2) acts trivially on integral cohomology there exists a unique lift of the P in(2)-action to γ (this follows from [13] , cf. [6] , Prop. 3.6). Let a Y be the weight of the induced S 1 -action on γ at Y .
Note that by the assumption on p 1 (M) the first Pontrjagin class of the bundle ξ = T M + n · γ vanishes. Hence, Proposition 2.1 implies
Next we assume that the P in(2)-action is nice with fixed point, i.e. we assume in addition that the P in(2)-action has a fixed point pt ∈ M. A simple application of the Lefschetz fixed point formula for the Euler characteristic shows that such a fixed point exists if the Euler characteristic of M is odd (cf. [6] , Lemma 3.8). Let Y 0 denote the connected component of M S 1 which contains pt. Note that the representation γ |pt is trivial since it is a complex one-dimensional P in(2)-representation. Hence a Y 0 vanishes and we conclude from the corollary above that
for any fixed point component Y . This formula is used in Section 4 to give a lower bound for the first Pontrjagin class.
Twisted Spin c -Dirac operators and Jacobi functions
In this section we consider certain series of equivariant twisted Spin c -Dirac operators closely related to elliptic genera and describe their indices in terms of Jacobi functions. Let M be a 2m-dimensional closed connected manifold with Spin c -structure given by a Spin c (2m)-principal bundle P → M. 2 The Spin c -structure induces a complex line bundle over M and we denote its first Chern class by c ∈ H 2 (M; Z). Let V → M be a complex vector bundle of dimension s. We fix connections on V and the U(1)-part of P . Let ∂ c ⊗ V denote the associated twisted Spin c -Dirac operator acting on sections of the tensor product of the complex spinor bundle and V . By the Atiyah-Singer index theorem (cf. [2] ) its index ind(∂ c ⊗ V ) is a topological invariant given by
HereÂ(M) denotes the multiplicative series for M associated to theÂ-genus, µ M is the fundamental cycle of M and , denotes the pairing between cohomology and homology.
Next assume M carries an S 1 -action and the action lifts to the Spin cstructure P and to the complex vector bundle V . In this situation the twisted Spin c -Dirac operator ∂ c ⊗ V refines to an S 1 -equivariant operator and its index refines to an element ind S 1 (∂ c ⊗ V ) of the complex representation ring R(S 1 ). For any topological generator λ 0 ∈ S 1 the equivariant index ind S 1 (∂ c ⊗ V )(λ 0 ) may be computed from the Lefschetz fixed point formula (cf. [1] , [2] ) in terms of local data at the fixed points
Here the sum runs over the connected components Y of the fixed point manifold M S 1 . To describe the local dataν Y it is convenient to replace the S 1 -action by the two-fold action.
3 Having done so it follows from the Lefschetz fixed point formula that each local contributionν Y (λ) is a rational function in λ ∈ C which only depends on the restriction of the Spin c -structure P and the bundle V to Y . Since ind
is a finite Laurent polynomial in λ the sum Yν Y (λ) extends to a meromorphic function on C without poles on C * . Below we shall consider a certain series of S 1 -equivariant twisted Spin cDirac operators for which the equivariant index is related to a Jacobi function (see Prop. 3.1). In the next section we employ this relation to study the first Pontrjagin class of a homotopy complex projective space which admits a nice P in(2)-action with fixed point.
We digress and recall the definition of Jacobi functions. Let SL 2 (Z) act on Z 2 by matrix multiplication from the right, i.e. (α, β) → (α, β)A for A ∈ SL 2 (Z), and let H denote the upper half-plane.
A meromorphic function F (τ, z) on H × C is called a Jacobi function for SL 2 (Z) ⋉ Z 2 of weight k and index I if
for (α, β) ∈ Z 2 and
In view of these equations one may also define Jacobi functions of weight k and index I as fixed points under an action of SL 2 (Z)⋉ Z 2 on the ring of meromorphic functions on H × C (cf. [11] where the definition also involves conditions for the cusps).
In topology Jacobi functions occur naturally as local contributions in the Lefschetz fixed point formula of elliptic genera for Spin, stable almost complex or BO 8 -manifolds (cf. [24] , [3] , [14] , [18] ).
We shall now consider some generalizations of elliptic genera to S 1 -equivariant Spin c -manifolds. As before let V be an S 1 -equivariant s-dimensional complex vector bundle over M. We define a q-power series
1 -equivariant vector bundles by
3 This is not necessary but makes formulas easier. In particular, some functions which are only well defined on the covering C * → C * , λ → λ 2 , are defined on the base after passing to the two-fold action.
Here q is a formal variable, E denotes the reduced vector bundle E − dim(E) and Λ t := Λ i · t i (resp. S t := S i · t i ) denotes the exterior (resp. symmetric) power operation. The tensor product is, if not indicated otherwise, taken over the complex numbers.
The index of the equivariant Spin c -Dirac operator twisted with U V is a qpower series of representations ind
. By the Lefschetz fixed point formula the equivariant index at a topological generator λ 0 of S 1 is a sum of local data
] which only depends on the restriction of the Spin c -structure P and U V to Y . In order to explain its relation to Jacobi functions we need to introduce some notation for the local data at the S 1 -fixed points. 
which is an integer since we are looking at the two-fold action. Finally, define n(V |Y ) := dim C (V 0 ), where V 0 := (V |Y ) S 1 denotes the subbundle of V |Y which is fixed under the S 1 -action. We are now in the position to state the main result of this section which we use in the following section to derive a lower bound for the first Pontrjagin class of a cohomology CP m with P in(2)-action.
Proposition 3.1. For q = e 2πi·τ , τ ∈ H, and λ 0 = e 2πi·z 0 a topological generator of S 1 ⊂ C the series ν Y (τ, z 0 ) :=ν Y (q, λ 0 ) converges to a meromorphic function on H × C also denoted by ν Y (τ, z) . The sum Y ν Y (τ, z) has no poles on z ∈ R.
If n(V
is the product of a holomorphic function e(z) and a Jacobi function F Y for SL 2 (Z) ⋉ Z 2 of index I Y . For any fixed τ ∈ H the set of poles of F Y is contained in Q · τ + Q.
Proof: We describe the local datumν Y (q, λ 0 ) in terms of the Weierstraß' Φ-function and the equivariant roots. Recall that Φ(τ, z) is a holomorphic function on H × C defined by the normally convergent infinite product
where q = e 2πi·τ and λ = e 2πi·z . For a topological generator λ 0 of
where
Here µ Y is the fundamental cycle of Y , the characteristic classes are expressed in terms of their formal roots and , denotes the pairing between cohomology and homology. Recall that l Y is the weight at Y of the complex line bundle associated to the equivariant Spin c -structure. To prove formula (1) one computes the Chern character of U V and applies the Lefschetz fixed point formula to ind S 1 (∂ c ⊗ U V )(λ 0 ) (for details cf. [7] ).
Recall that φ(q, λ) converges normally to Φ(τ, z). This implies that for fixed λ 0 = e 2πi·z 0 and any q = e 2πi·τ , τ ∈ H, the series A(q, of meromorphic functions on H × C such that A(τ, z 0 ) = A z 0 (τ ) for any irrational z 0 ∈ R (for details cf. [7] ). Changing variables we conclude from formula (1) that the series ν Y (τ, z) converges for any irrational real number z to the meromorphic function A(τ, z), µ Y (in the following also denoted by ν Y (τ, z) ).
Note that each coefficient of the q-power series ind S 1 (∂ c ⊗ U V ), being a finite Laurent polynomial in λ, is holomorphic on S 1 ⊂ C. This implies that the sum Y ν Y (τ, z) has no poles on z ∈ R (again cf. [7] for details). Next we consider the statements involving the dimension n(V |Y ) of V 0 .
Ad (1) 
To see this consider A(q, λ), recall that φ(q, λ) converges to Φ(τ, z) and note that φ(q, e x ) has the form x + O(x 3 ). Whereas A(τ, z) depends on the equivariant roots A 0 (τ, z) only depends on the weights of T M and V at Y .
We proceed to identify F Y (τ, z) with a Jacobi function. The Weierstraß' Φ-function is a holomorphic Jacobi function for SL 2 (Z) ⋉ Z 2 of weight −1 and 'index 1 2 with character' (cf. [11] ). More precisely, Φ is holomorphic and satisfies
In particular, if s is even, then Φ(τ, s·z) is a holomorphic Jacobi function of weight −1 and index
(as defined in the beginning of this section). For fixed τ the divisor of Φ τ (z) := Φ(τ, z) is equal to Zτ + Z, i.e. Φ τ has a simple zero in each lattice point. From these properties it follows that F Y (τ, z) is a Jacobi function for SL 2 (Z) ⋉ Z 2 of index I Y with poles in Q · τ + Q. This completes the proof of the proposition.
A lower bound for the first Pontrjagin class
In this section we give a lower bound for the first Pontrjagin class of a cohomology complex projective space which supports a nice P in(2)-action with fixed point. Let M be a 2m-dimensional manifold with H * (M; Z) ∼ = H * (CP m ; Z). We assume that P in(2) acts almost effectively on M and trivially on cohomology. Also we assume that the action has a fixed point. As mentioned before the latter assumption is automatically satisfied if the Euler characteristic of M is odd, i.e. if m is even.
Let γ denote the complex line bundle with c 1 (γ) = x, where x is a fixed generator of H 2 (M; Z). Since the P in(2)-action is trivial on integral cohomology, we can lift the action uniquely to γ (this follows form [13] , cf. [6] , Prop. 3.6). Let a Y denote the weight of γ at a connected component Y of M S 1 for the induced S 1 -action. Next we recall some well known facts about M and γ which may be induced from the localization theorem in K-theory applied to the S 1 -action and induced Z p -actions or by cohomological means (cf. for example [20] , Th. (iii) The weights of γ are distinct.
Assume a Y 0 = 0, i.e. assume that the P in(2)-fixed point pt is in Y 0 . Let V be the sum of S 1 -equivariant complex line bundles over M given by
where λ denotes the standard complex one-dimensional representation of S 1 . We apply Proposition 3.1 to ind S 1 (∂ c ⊗ U V ) to derive a lower bound for the first Pontrjagin class. Next consider the local datum ν Y i (τ, z) in the Lefschetz fixed point formula for ind
is the product of a holomorphic function e(z) and a meromorphic function
for q = e 2πi·τ and any topological generator λ = e 2πi·z . Moreover
with poles in Qτ + Q. Note that F Y 0 (τ, z) and e(z) cannot vanish identically, since the non-equivariant index ind(∂ c ⊗ U V ) does not vanish. It follows from the proof of Proposition 3.1 that e(z) has no zeros on z ∈ R. Since i ν Y i (τ, z) has no poles on z ∈ R the same holds for F Y 0 (τ, z).
Next consider the action of
). Note that the SL 2 (Z)-orbit of any element of {τ } × (Qτ + Q) intersects with {τ 0 } × Q for some τ 0 ∈ H. Since F Y 0 (τ, z) has poles in Qτ + Q but no poles on R we conclude that F Y 0 has no poles at all. Hence, F Y 0 is a holomorphic Jacobi function of index I Y 0 which does not vanish identically. Since a holomorphic Jacobi function of negative index must vanish identically (cf. [11] ) the index I Y 0 is non-negative, i.e.
Since the index is an integer it follows that As mentioned in the introduction it was shown in [6] that the total Pontrjagin class of M is standard if p 1 (M) is standard (see Th. 5.3 below). This completes the proof.
Theorem 5.3. Let M be a cohomology CP m with nice P in(2)-action. If m is odd assume in addition that the action has a fixed point. Then the first Pontrjagin class satisfies
Proof: For a detailed proof we refer to [6] , Th. 4.2. Here is a sketch of the argument based on the following general vanishing result. Let V be a P in(2)-equivariant complex vector bundle and let W be a P in(2)-equivariant 2t-dimensional Spin-vector bundle over M. Let ±(w 1 +t Y,1 ·z), . . . , ±(w t +t Y,t ·z) denote the equivariant roots of W restricted to a connected component Y of M S 1 . The equivariant roots of V and T M shall be denoted as in Section 3. Assume p 1 (V + W ) = p 1 (M). Using a spectral-sequence argument one shows that
is independent of Y . Next consider the q-power series
Here △(W ) denotes the full complex spinor bundle associated to the Spinvector bundle W . We fix a Spin c -structure on M and lift the induced S 1 -action. Next one shows (by arguments similar to the ones of the previous sections) that the equivariant index ind ]}, and choose a Spin c -structure on M with first Chern class equal to c 1 (V k ). Note that p 1 (V k + W k − T M) = 0. Again we lift the P in(2)-action to each line bundle occurring in V k and W k and conclude from equation (3) that I is negative. By the result above ind S 1 (∂ c ⊗U V,W ) vanishes identically. In particular, the constant term in the q-power series is zero, i.e.
Â (M) · (e
x − e −x ) · (e ]}. These relations together with the signature theorem completely determineÂ(M) and therefore determine the total Pontrjagin class p(M). Since all these relations also hold true for CP m we conclude that p(M) = (1 + x 2 ) m+1 . Hence p(M) is standard if p 1 (M) is standard.
